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In this work we consider the static perturbation of the hexagonal lattice of magnesium by one 
stored hydrogen atom. 

Equations are given to evaluate the equilibrium positions of the ions in the disturbed crystal. 
The effect of the hydrogen atom is described by a so-called Kanzaki force, an additional force in 
the ideal lattice. The force between two ions of the ideal lattice is assumed to obey the harmonic 
approximation. The force constants are calculated form an effective ion-ion potential. The static 
Green tensor, which is the inverse of the tensor of force constants, is calculated and with its aid 
the equations of lattice statics are transformed. The transformed equations are solved under the 
assumption of a Kanzaki force acting only upon the nearest and next-nearest neighbors of the 
hydrogen atom at a tetrahedral interstitial site. Finally we calculate the volume change A Fand 
compare the result with the experimental value. 

§ 1. The Equations of Lattice Statics 

In [1] the many-body Schrödinger equat ion of a 
host crystal with stored hydrogen a toms and of a 
reference system (crystal wi thout hydrogen) are 
decomposed adiabat ical ly into the Schrödinger 
equat ions of the electronic, protonic and ionic sub-
systems. The ions and protons in the host crystal are 
assumed to be localized at equ i l ib r ium posit ions 
which can be obta ined , according to [1], as solutions 
of the equat ions 

V * z l £ = 0 , V y z l £ = 0 , (1.1) 

where AE is the so-called storage energy 

AE=Q»ßy(<Y,X) + A{X). 

In [1] Q"ßy and A are def ined as 

n,n' 1 1 n, m, i 

+ e»+"(Y,X)-eN
g(X) + Haß(Y,X) 

+Kaßy(Y,X)-Kg(X) (1.2) 
and 

A{X)= X W ^ i X r - W ) ) 
m,i 
m', i' 

+ Kg(X)-Kg($R) + eN
g(X)-eN

g(XR), (1.3) 
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Y = (Y,") denotes the cartesian coordinates of the 
protons, X = (X™) the cartesian coordinates of the 
ions, n=(ni,n2,n3) and m = (m\,m2,are cor-
responding index triples according to a pr imit ive 
basis a. b and c. XR denotes the equi l ib r ium posi-
tion of the ions in the ground state of the reference 
system. Ut is the proton-ion potential for ions of the 
/'-th kind. Wn> is the ion-ion potential for ions of the 
/'-th respectively / '-th kind. and eN

g are the 
energy eigenvalues of the electronic subsystem of 
the host lattice with hydrogen and the reference 
system, respectively. N denotes the n u m b e r of the 
valence electrons and n the addi t ional electrons of 
the hydrogen atoms. 7/a /? is the vibrational energy of 
the protons and K%ßy and Kg are vibrat ional ener-
gies of the ions in the host lattice and the reference 
system, respectively, a, ß, y are q u a n t u m number s of 
the electronic, protonic and ionic subsystems in the 
host lattice, g denotes the corresponding groundsta te 
quan tum numbers of the reference system. 

Vibrational energies of ions and protons are 
neglected in the present work. The computa t ion of 
the electronic energy dif ference 

e r n ( Y , X ) - s » ( X ) 
which we use here is the topic of a special paper [2], 
Equat ions (1.2) and (1.3) can be interpreted as fol-
lows. A is the change in total energy of the crystal 
caused by the distortion of the lattice by the 
hydrogen centres and Q"ßy is the interaction of the 
hydrogen centres with the distorted lattice. 

The equi l ibr ium condit ions (1.1) take the form 

V y Q : P 7 { Y , X ) = 0 (1.4) 
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and 

V x ( Q : P y ( Y . X ) + J ( X ) ) = 0- (1.5) 
Equation (1.4) permits, in principle, the determina-
tion of the protonic coordinates as a function of the 
ionic coordinates 

Y= Y{X). 

This and the physical content of and A allow 
the interpretation of (1.5) as a balance of two forces: 

F]M(X) = -Fpen(X). (1.6) 

The lattice force is defined as 

F * A X ) = - V x A { X ) (1.7) 

and the perturbation force as 

Fpe«(X) = -VxQlßy(Y(X),X). (1.8) 

The computat ion of the equilibrium positions of the 
ions using (1 .6) - (1 .8) will be carried out in this 
paper for one hydrogen centre in an ideal hep struc-
ture. Index triples (m, n, k) refer to a primitive basis 
a, b and c chosen so that the vectors a and b, lying in 
the plane of an A-layer, enclose an angle of 120°. 

The computat ions described here are applicable 
to magnesium, for which the value c/a= 1.623 
comes close to c/a = ]/8/3 = 1.633 of the ideal hep 
structure. The reason for not taking the real hexago-
nal structure of magnesium as a basis for the com-
putations is that the electronic part of the computa-
tion, not treated explicitly here, is simplified con-
siderably by this assumption. 

§ 2. Harmonic Approximation and Green Tensor 

The aim of the computations in lattice statics is 
the determination of the new equilibrium positions 

X = R + s 

of the ions exposed to the perturbing force. R 
denotes the equil ibrium positions in the unper-
turbed crystal and s the deviation from it. Since s is 
small in general, the harmonic approximation can 
be applied to the lattice force (1.7) and results in 

Fhn = -s/-s resp. F" = - An™ s™ 

with the tensor of force constants 

d2A 
(2.2) 

\fiXf dX? 

The calculation of A will be sketched briefly. For 
more details we refer to [3]. 

The vibrational energy terms have already been 
neglected. The ion-ion interaction W is assumed to 
be a Coulomb interaction between ions with posi-
tive charge Ze, 

Z 2 e2 

W{r) = , 
r 

where Z denotes the valence of the ions. The energy 
eigenvalue Eg of the electronic subsystem in the 
reference system is assumed to be a sum of one-
particle energies, computed with a one-particle 
model for the metal electrons in second order 
perturbation theory. Eg then contains terms which 
depend on the ion coordinates and can be inter-
preted as indirect ion-ion interaction, and terms 
which are independent of the ion coordinates. Only 
the former ones contribute to A according to the 
difference 

eN
g(X)-sN

g(R). 

In this way (1.3) reads 

A{X) = \X [V(Xmn)~ F(/?m")], (2.3) 
m. n 

y mn _ \ m — \ n j^mn _ ßm ßn 

with an effective ion-ion interaction V. 
According to [3] F takes the form 

2 „2 Z 2 C 2 Q 
V(r) = + —— j d3<? F{q) e~"" (2.4) 

r (Iny 

with the energy-wavenumber characteristic 

Q0 q 
F(q) = - ^ L - 2 \ ( k + q w° k} 2 —, (2.5) 

871 el
 E 

ß 0 : volume per ion. 

s(q)= 1 +f(q)/(q) denotes the dielectric function 
of the electron eas with 

(2.1) x(q) 2 nkF\ tr 
>1 In 

lq 
1 + q 
1 -q / 

* Summation convention is used throughout this paper. >7 = 2 k 1 
k F = 

3 Z r 

Qr 

2\ 1/3 
(Fermi wavenumber), 
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which includes by 

f(q) = 1 - . , „ 7 , [ 4 ,5 ] , 

441 

2 + 2 a / r j 2 

0.229 
a -

0.458 + 0.012/-, 
i i V 1 / 3 

4 nZj 

effects of exchange and correlation. In the limit 
/ (q) ->• 1 e becomes the well-known Har t ree dielec-
tric function. 

Equat ions (2.4) and (2.5) de termine V provided 
the unscreened electron-ion interaction w° is known. 
Following Krasko and Gursk i i [6] a model pseudo-
potential valid for s imple metals is ^ ^ 

/ e x p ( - r / * c ) - 1 A 
W' (r) + — ^ e x p ( - r/Rc) 

K r 

with its Four ier t ransform 

(k + q | w° k ) = — j w° (r) e~iq r d 3 r 
ß o 

4nZe2 (2Aa — l)(qRc)2- 1 

[(qRc)2+ 1]: 

According to [6] the f ree paramete rs in (2 .4 ) - (2 .6 ) 
in case of magnesium take the values 

Q0= 155.99 ag, Aa = 2.588, Rc = 0.427 a0. 

With this V the force constants (2.2) are computed , 
which in the special case of (2.3) results in 

AM,N — ( R r - R D W - R l ) 

V"(Rmn) 

( R m n ) 2 

V'(Rmn) 

R' 

V'(Rmn) 

Rmn (m 4= n) , 

(2.7) 
A mm X"1 Amn 

Aik ~ — Zj Aik • 
n + m 

The second expression in (2.7) ensues f r o m transla-
tional invariance of the whole crystal [7], Figures 
1 a - 1 c show the potential F a n d its first and second 
derivative. 

According to the ha rmon ic approx imat ion , (1.6) 
becomes 

s/s = F„ (2.8) pert ( s ) • 

This is a set of nonl inear equat ions of high dimen-
sion determining s. Using the static G r e e n t e n s o r ^ , 
def ined by 

Fig. 1 a. The effective ion-ion potential in magnesium. 

V'( r) [2Ryd/a0-1cr3] 
0.5 

-0.5-

Fig. 1 b. The first derivative of the effective ion-ion poten-
tial. 

V"(r) [2Ryd/a^10": 

-0.5-

1 

•"[a.] 
1 1 ' 
5 / 10 / 15 20 

-fs/= s/J = 1 (2.9) 
Fig. 1 c. The second derivative of the effective ion-ion 
potential. 
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and the boundary condi t ion ^ - > 0 if r oo, (2.8) 
becomes 

s=JFpen(s). (2.10) 

Because of screening effects the per turbat ion force 
depends only on the direct ne ighborhood and is 
non-vanishing only in the direct ne ighborhood of 
the per tu rba t ion centre. Equat ion (2.10) in contrast 
to (2.8) allows for solving only those equations 
which couple the unknown deviat ions of the ions of 
this ne ighborhood. Knowing the per turba t ion force 
the devia t ion of the o ther ions is given by means of 
the o ther equat ions of (2.10). 

§ 3. Numerical Calculation of the Green Tensor 

The computa t ion of the Green tensor described in 
this chapte r is based on the def ini t ion (2.9) in the 
form 

AmnGnl=öml ( 3 1 ) 

Amn and G"' are 3 x 3 matrices, which describe the 
force-deviat ion relat ions between two ions at the 
lattice points m and n, respectively n and l. ö m l is the 
3 x 3 unit matr ix for m = I and 3 x 3 null matr ix for 
m 4= /. According to the summat ion convention one 
has an infinite sum of matr ix products on the left 
side of (3.1). (3.1) can be interpreted as a set of 
l inear equat ions to evaluate the components of the 
Green tensor. 

According to the invariance of s / and & under 
pr imi t ive translat ions of the lattice [7] one can 
choose / = 0 and write (3.1) in the form 

Aü " - m G n 0 = ö m 0 . (3.2) 

Because the effective ion-ion interaction and its 
derivatives are decreasing rapidly, a finite range 
Rcn is assumed for V, and V is set to zero for 
R" - Rm > Ref{. Thus the summat ion over n in 

(3.2) is cut off. In our computa t ions Re{{ is assumed 
to be five lattice constants, that is, /? e f T= 16.05 A 
according to the lattice constant of a = 3.21 A in 
magnes ium. The assumed range includes 763 lattice 
points. To reduce the n u m b e r of unknowns further , 
a par t i t ion relative to / = 0 into a near and a remote 
area is made . 

In the remote area the crystal is considered to be 
a con t inuum and the re fore Gn0 is approximated by 
the elastic Green ' s funct ion: 

The elastic Green ' s funct ion Gik (r) is the solution of 
the elastic d i f ferent ia l equat ion 

Cikim 9/ Gmn (r) = - 5in Ö(r) (3.3) 

with the boundary condit ion Gik(r) -*• 0 if r -*• oo, 
and can be given analytically in the hexagonal case 
[8]. The elastic Green ' s funct ion in cont inuum sta-
tics is analogous to the Green tensor in lattice 
statics. Moreover , the boundary condit ion for $ is 
automatical ly fulf i l led by the above assumption. 

In the remote area the mat ter is described by the 
elastic constants Cikim, in the near area by the force 
constants A r e s p e c t i v e l y the effect ive ion-ion po-
tential. The connect ion is given by the relations . 

Cjkmn #/m&/7 + H inmk H j k m n , ^ ^ 

Hijki = - - ^ 7 7 Z at; ( R l - Rmk) (Rn, - Rn 
^ ' c n 

with the Huang tensor Hijkl [7]. Vc is the volume of 
a pr imit ive cell and takes the value 

Vc=][2a3 

in an ideal hep crystal. The fol lowing table shows 
the experimental elastic constants [9] used in the 
elastic Green ' s func t ion and the elastic constants 
computed according to (3.4) with the force con-
stants according to § 2. The first relation of (3.4) 
reads in a hexagonal lattice with the elastic con-
stants in Voigt's nota t ion 

C11 = # 1 1 , 1 1 . 

c 12 = 2 / / 1 2 , 1 2 ~ # 1 1 , 2 2 

C l 3 = 2 7^13 ,13 ~ # 1 1 , 3 3 

C 33 = # 3 3 , 3 3 » 

C44 = # 2 2 , 3 3 • 

Table 1. Elastic constants in 109N/m2 . 

C\\ C\2 Cl3 C33 C44 

experimental 59.3 25.7 21.4 61.5 16.4 
computed 56.25 27.41 23.08 50.69 10.27 

T h e agreement be tween the descr ipt ion of matter by 
the elastic constants respectively the force constants 
is improved by a scaling of the potential according 
to 

G"k = Gik (/?"). VAr) = sV(r) 
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Because of the l inear dependence of the elastic 
constants on the potential according to (3.4) and 
(2.7), one gets the relation 

(c?r)s=s(c?r). 

We de te rmine the scaling factor 5 by the condi t ion 
that the quadra t ic devia t ion of the calculated f rom 
the experimental elastic constants 

MTp)s ~ c f f ]2 + m°2
mp)s ~ cf:P]2 + ... 

has to be minimal . In this way we get 

1.098 . 

In all following computa t ions we will use the scaled 
potential . 

The near area is in our assumpt ion a sphere with 
radius Rnear = 5.242 A a round the point / = 0, which 
includes neighbors until 3rd order. This sphere con-
tains 21 lattice points. One has still to de t e rmine 21 
3 x 3 matrices G"° with a total of 186 unknowns 
(G 0 0 is symmetric!). By means of grouptheoret ica l 
considerat ions [10, 11] this n u m b e r can be reduced 
to the 16 unknowns , G 2 , . . . , G1 6 . T h e essential 
relation is 

Gm n = S Gmn S'. (3.5) 

m and n are m a p p e d onto m' and ri by a symmetry 
t ransformat ion of the hexagonal space group. Using 
a cartesian coordina te system the t rans format ion is 
given by 

Rm = (S t) Rm = SRm+ t. 

S is an orthogonal 3 x 3 matr ix and t is a t ranslat ion 
vector. Consider ing the symmetry opera t ions which 
leave a pair (m, n) invar iant or invert it, i.e. 

(m', ri) = (m, n) or ( m r i ) = (n, m), 

(3.5) represents condi t ions for the mat r ix elements 
of Gmn (notice: Gnm = (Gm n ) ' [7]). The procedure is 
appl ied here to one pai r (n, 0) of every shell in the 
near area. The matr ices G" 0 of the o ther points on 
the considered shell ensue f rom Gn0 by a " ro ta t ion" 
according to (3.5). Thus we get the fol lowing list of 
the matrices of all points in the near area with 
the minimal n u m b e r of unknowns using a cartesian 
coordinate system. 

For reasons of general i ty the first shell of the 
ideal hep lattice containing 12 lattice points is 
considered to be a special case of a general hexago-

nal lattice for which the first and second shell co-
incide, containing 6 lattice points each. The G"° 

listed are calculated relative to the latter. 
( A ? ? , n, /) denotes a point of an A-layer ( M , n, / )* a 

point of a 5- layer . In cartesian coordinates the rela-
t ionship is 

Rm'= Rm+(a/2,Y3a/6, c/2) 

with 
R(M.N,i) = {CI _ YI/2), a ]/3 n/2, c I ) . 

ft Shell 

' G \ 0 0 

G = 0 G, 0 
\ 0 0 G2] 

1. Shell 

j G 3 -G6 O \ 
C ( i . 0 , 0 ) . 0 = + c ? 6 G 4 o 

\ 0 0 Gj 

I(G}+3G4) 
4 

f3 (G3-G4) + G6 0 

1 
G ( U , 0 ) , 0 = ( A ( G 3 _ G 4 ) _ G e _ L ( 3 G 3 + ( ? 4 ) o 

0 0 

V3 - ( G 3 + 3 G 4 ) -^-(G4-G3) + G6 0 

G ( 0 , - I , 0 ) , 0 = ( J ^ ( G 4 _ G 3 ) _ G 6 1 ( 3 G 3 + G 4 ) 0 

0 0 

(J(0,1,0),0 

1 ] / 3 
j(G3 + 3G4) G4-G3)-G6 0 

I ^ 1 
- 1 K - ( G 4 - G 3 ) + G 6 - ( 3 G 3 + G 4 ) 0 

0 0 

£(-l,-l,0),0 = 

/ T 

V3 
4 ( G 3 + 3 G 4 ) G 3 - G 4 ) - G 6 0 

^ - ( G 3 - G 4 ) + G 6 ^ - ( 3 G 3 + G 4 ) 0 

V o 

G , + G F I 0 ^ 

0 

G(-1.0.0).0= l G 

0 0 



444 

2. Shell 
G 7 0 \ 
0 G 8 

G , 0 

0 G10 G j 

G 7 0 0 \ 
0 GB - G I 0 
0 ~ G 1 0 g9 
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£(0,-l,0)*,0 

/ I 1/3 1/3 
/ - ( G „ + 3G,2) - L _ ( G „ - G 1 2 ) Y G m 

^3 1 1 
- ^ - ( G „ - G 1 2 ) y ( 3 G „ + G12) - y G 1 4 

V3 
G14 

2 14 

- | ( G 7 + 3G8) £ - ( G 8 - G 7 ) 
4 4 

q(0,0,0)*,0 __ | ( G G ) ± ( 3 G V + C8) 
4 4 

V* 
• y G]0 

q (0.-1,-1)*. o 

/I 1/3 1/3 
/ - ( G , , + 3G12) Y ( G l l " G l 2 ) — V G i 4 X 

1/3 1 1 
— (G, , -G 1 2 ) — (3G n + G12) — G]4 

V3 1 

/ i ^3 
' - ( G 7 + 3G8) -L_(G 8 -G 7 ) 

4 4 

1/3 1 
- ^ - ( G 8 - G 7 ) y ( 3 G 7 + G 8 ) 

j/3 1 

^ - ( G 7 + 3G8) - ^ - ( G 7 - G 8 ) 

1.0.0)*.o _ V3 
„ (G 7 -G 8 ) - ( 3 G 7 + G8) 4 4 

V3 
~ y GI0 

J/3 / - ( G 7 + 3 G 8 ) -L_(G 7 -G 8 ) 

1/3 1 
~ ( G 7 —G8) y ( 3 G 7 + G8) 

l/3 1 

V3 

5. S/je// 

£ ( 0 , 1 , 0 ) * . 0 = 

G(0.1,-D*.0= 0 

G N 0 
0 G \ 2 G , 4 
0 G14 G 1 3 / 

G „ 0 0 N 

0 G\1 - G , 4 
0 - G , 4 G 1 3 

G (-2.-1.0)*.0 

V3 1/3 
r y ( G M + 3G12) — ( G I 2 - G n ) — y G , 4 ^ 

]ß 1 1 
— ( G , 2 - G n ) y ( 3 G , , + G12) - y G , 4 

V3 1 
- y G]4 

£(-2,-l ,- l)*,0 

/I V3 ]/3 „ 
/ - ( G u + 3G12) X - ( G 1 2 - G „ ) - f - G I 4 , 

4 4 2 

1/3 1 1 
( G l 2 - G n ) —(3G U + G12) - G H 

4 4 2 

V3 1 
G14 

2 14 

4. Shell 
/ G , 5 0 0 

° G , 5 0 
0 G 1 6 

/ C . 5 0 0 

0 G , 5 0 

\ 0 0 G , 6 

Equat ion (3.2) can now be used to get equat ions for 
the remain ing unknowns choosing some m s. For 
every m one gets nine equat ions for the sixteen un-
knowns G , , . . . , G 1 6 because (3.2) is a mat r ix equa-
tion. 
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T h e procedure to reduce the the number of un-
knowns implies that the matrices G"° of the four 
shells are de termined by certain unknowns, the 
0. shell by G, and G 2 , the 1. shell by G 3 - G 6 , the 
2. shell by G1- G1 0 , the 3. shell by G u - G14 and the 
4. shell by G 1 5 - G 1 6 . Because the force constants are 
rapidly decreasing, one can expect in (3.2) the term 
tt = m to be the main contribution in summing over 
n. Choosing m lying on a shell of the near area, one 
thus gets nine equat ions in which the coefficients of 
the unknowns of that shell compared with the 
others are large. This is a supposi t ion to c o m p u t e 
these unknowns with sufficient accuracy numer i -
cally. For this reason we chose for m one point per 
shell, and that according to the sequence of the 
shells: 

(0,0,0), (1,0,0), (0,0,0)*, (0,-1,0)*, (0,0,1). 
W e obtain 45 equat ions which contain exactly 7 
l inearly independent equations for the 7 unknowns 
G 2 , G 5 , G9 , G i 0 , G1 3 , Gi4 and G1 6 . This set of l inear 
equat ions is almost decomposed f r o m the remain ing 
equat ions. Only the unknowns G10 and G14 appea r in 
the other equations. These seven equat ions are 
unboldfaced in the following list. The other nine 
equat ions determining the 16 unknowns cannot be 
chosen so definitely. There are several possibilities. 

T h e following list shows our choice of 16 linearly 
independent equat ions with regard to fulfill best the 
unconsidered equat ions. Each equa t ion is ident i f ied 
by the pair of coordinate indices in (3.2). 

m (i, k) 

( 0 , 0 , 0 ) (1, 1), (3 ,3 ) 

( 1 , 0 , 0 ) (1 ,1) , (1 ,2) , (2,1) , (2 ,2) , (3 ,3) 

( 0 , 0 , 0 ) * (1, 1), (1 ,3) , (2 ,2) , (3 ,3 ) 

( 0 , - 1 , 0 ) * (1 ,2) , (1 ,3) , (3 ,3) 

(0 ,0 , 1) (1, 1), (3 ,3) . 

T h e numerical solution of this set of linear equa-
tions yields the following results (in m/N): 

G] = 0.272 • 10 - 1 Gg = 0.113 • 10 -1 

G2 = 0.271 • lO - 1 G10 = —0.227 • 10~2 

G3 = 0.132 • 10~' Gn= 0.478 • 10~2 

G4 = 0.775 • 10"2 G12 = 0.452 • 10~2 

G5 = 0.760 • 10~2 G13 = 0.643 • 10"2 

G6 = 0.189 • 10 - 3 G 1 4 = 0.263 • 10"3 

G7 = 0.620 • 10~2 G,5 = 0 . 5 6 2 - 1 0 ' 2 

G8 = 0.998 • 10"2 G 1 6 = 0.808 • 1 0 - 2 . 

§ 4. Lattice Distortions 

Treat ing the lattice in harmonic approximat ion , 
(2.10) connects the displacement field s of the ions 
and the per turba t ion force Fpen in a s imple way 

(4.1) 

We have already ment ioned that (4.1) has to be 
solved only for the vicinity of the per turba t ion 
centre. 

First, we only consider the four nearest neighbors 
of the hydrogen interstitial. Addit ional ly we sup-
pose that the direct ions of the per turba t ion forces 
are given by the unit vectors /», (z = 0, 1,2, 3), which 
denote the four nearest neighbors in a coordinate 
system with the origin at the interstitial site. 

For simplicity, in this pa ragraph the lattice points 
will not be denoted by lattice indices (m, n, k) but 
by cont inuous number ing . Figure 2 shows the sites 
and the number ing of the nearest and next-nearest 
neighbors of the interstit ial proton P in the hcp-
structure. We assume the amount of the per turba-
tion forces acting on the nearest neighbors to be the 
same. Then (4.1) turns into 

sk = F(s).-?ki rij = F(s) Gk (k = 0, 1, 2, 3) (4.2) 

with the abbrev ia t ion Gk = •'/*' nh 

For the Gk we get the following representat ion: 

= UQ + /i, + .^02 n2 + n3 

G 1 = J l 0 n 0 + J u n, + -^ , 2 / I 2 - ( -^ 1 3 / I 3 

= (d?01)' «0 + /i, + n2 + n3 

G2 = .^20 n0 + J2] n] + ,^22 n2 4- .^23 n3 

= (.^02)' /i0 + (.^07)' n, + n2 + n3 

G3 = .^30 n0 + /i, + .^32 n2 + .^33 n3 
= (cf03)'n0 + (^0 8) ? / i , + (.^06)'/I2 + .^ 0 0 / I 3 . 

By means of the propert ies Gmn = G0n~m and 
G™" = G"T = the unknown Green-matr ices in 
the expressions for the G k are led back to the 
matr ices f r o m § 3. 

Inserting the c o m p u t e d components of the Green 
matr ices in the relat ions for G k , we get the numer i -
cal values (in units of 10 - 3 m/N) 

G ° = ( - 7 . 5 0 5 , - 4 . 3 3 3 , - 2 . 8 3 3 ) , 

G 1 = (7.505, - 4 . 3 3 3 , - 2 . 8 3 3 ) , 

G 2 - (0, 8.666, - 2 . 8 3 3 ) , 

G 3 = (0, 0, 9 .379) , 
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Fig. 2. Nearest (0 -3) and nextnearest (4-13) neighbours 
of the proton at a tetrahedral site in the hcp-structure. 

and G k = 9 . 1 1 7 for k = 0, 1 , 2 , 

G 3 = 9 .379. 

T h e vectors G k and the unit vectors nk are collinear, 
apar t f rom small deviat ions [ £ (G k , r t k ) % 1 This 
is in agreement with the assumpt ion of radial dis-
placements. 

In this case the per turba t ion forces can easily be 
computed by (1.8): 

FK 
' pert 

2e 2 1 
-I A (5) 

do + s 4 
nk = Fn nk (4.3) 

where F0 = FK
EN and where D0 is the distance be-

tween proton and a nearest ne ighbor in the un-
distorted. host lattice. Besides we will neglect the 
vibrational energies X) in (4.3), and it is 
m a d e use of the relation [1] 

E » + ] ( Y , X ) - E » ( X ) = co ( Y , X ) 

= A ( V , X ) + R R [ F / f ( x , Y ) S 0 ( x , x ) ] . 

In (1.8) we int roduce the pure C o u l o m b interact ion 
for the proton-ion-interact ion. 

The electronic energy dif ference Ä ( Y , X ) is mult i-
plied by a factor 1/4, because in the calculation of 
A ( Y , X ) all four nearest neighbors are displaced by 
the same amount and we suppose that each of these 
neighbors delivers the same contr ibut ion to A. 

All s implif icat ions m a d e here reduce the set of 
(4.2) to a single nonl inear equat ion for the displace-
ment SQ = s of the nearest neighbors: (4.4) 

G° F0 (5Q) = G c 
i 2 2e 

(.do + soV 4 ds, 

Maichle [2] calculated A (J0) in the intervall 
- 0.25 a0 ^ SQ ^ 0.25 a 0 («o is the Bohr radius 
a 0 = 0.529177 A ) . 

The numerical values of /. (s0) will be approxi-
mated by polynomials of four th order in parts of the 
whole displacement intervall. A solution of (4.4) is 
found in the intervall 

0.07 A0 = so = 0.09 a0. 

We choose numerical values of A (s0) for the dis-
placements 50 .„= (0.07 + n- 0.005) a0 (« = 0 .1 .2 ,3 ,4 ) . 
Then we get for / (s0) the polynomial 

Ä (50) = 396.13515 4 - 97.98091 s3
0 

+ 10.758542 5Q + 0.418893475c - 0.1571295 

[/. (50) in Ryd, s0 in a tomic units]. 
Because of the d i f ference in G 3 and Gk we 

solve the analogous equa t ion for the displacements 
SQ of the ion k = 3. The obtained displacements and 
per turba t ion forces are: 

s0 = 0.0794 o0 

Fn = 4.61 • 1 0 _ i 0 N 
for k = 0, 1 ,2 

Sq = 0.0796 a0 

Fq = 4.49 • 10~10N 
for k = 3 . 

This result confi rms the assumption that the forces 
and displacements of all four neighbors are the 
same. 

In a next step we also consider the next-nearest 
neighbors of the interstitial hydrogen. Actually the 
te t rahedral interstitial in a hcp-lattice has only one 
next-nearest neighbor at a distance 3.276 A. 
Then nine neighbors follow at a distance dx = 
3.764 A . F o r simplicity, all these ten host ions are 
regarded as next-nearest neighbors. In this case the 
system (4.1) consists of 1 4 - 3 nonlinear equations. 
We reduce this system with the following three as-
sumpt ions to two equat ions for the displacements 
SQ and 5] of the nearest and next-nearest neighbors. 

a) The per turba t ion forces which act on the nearest 
and next-nearest neighbors amount to F0 and Fx, 
respectively. 

b) The direct ions of the per turbat ion forces are 
given by the unit vectors n'. 

c) The displacements of the neighboring ions are 
radial 

ck „k s = s n = s n 
rk _ sk = SQ for all nearest and sk: = s\ for all next-

nearest neighbors. 
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With these assumptions we t ransform (4.1) as fol-
lows: 

13 
I 

5* r t ^ Z 
•>ki 

pert 
! D 

( = 0 / = 0 
3 13 

= F0 X r?kl ri + Fx X 
i = 0 /' = 4 

0 u n (£ = 0, 1 , . . . , 13). (4.5) 

T h e indices n and nn point to the contr ibut ions of 
the nearest and next-nearest neighbors. 

Because all nearest, respectively all next-nearest 
neighbors are treated equally, the system (4.5) is 
reduced to the two equat ions for J0 and S\ 

•s'o = (Ft j G° 2 + 2 F 0 F , j Gl | G„n | cos y0 

s \ = Ĉ O I ^n I2 + 2 / r
0 / r

1 I I I G„n j COS y5 ^ 

+ F\ I ^nn I2)1/2 • 

F r o m (4.5) we choose the equat ions for k = 0 and 
k = 5. 70 and y5 are the angles between G° and G„n 

and between G„ and G„n , respectively. Fo r the 
values Gj}, G°n , G„, Gn

5
n, cos y0 and y5 we get 

Gn = 

G° -

' -0.00724 \ 
-0.00418 

, -0.0028 / 

0.0022836\ 
0.0013182 , 
0.01517 / 

G„ = 0.0088165 

G L = 0.015397 

cos y0 = - 0.47503, 

G n = 
0 \ 0.0010845 

-0.000362 / 
Gn

5 = 0.0011434 

0 
-0.012745 

\ 0.011832/ 

cos y5 = - 0 . 9 1 0 6 5 , 

Gn
5
n = 0.01739, 

[all values in m/N]. 
In the calculat ion of G„ and G„n Green-matr ices 

are needed which are not in the discrete part of the 
Green tensor F o r these matrices we use the funda-
mental integral f r o m Kröner [8]. 

The per tu rba t ion forces F0 and Fx we obtain as in 
the case where only the nearest neighbors are 
considered. For comput ing Fx the new distance d\ 
and the contr ibut ions of ten addi t ional neighbors to 
the energy d i f fe rence / . (J 0 ,J I ) have to be taken into 
account. 

/ . (50 ,^ i) is calculated for radial displacements j0 

and 5]. Then the forces F0 and Fx are obtained f rom 
(1.8): 

2 c2 1 

d0 + 4 
Fn = 

5 

ds0 

2 e 2 

F, = -

(d0 + j0) 

05) 

2 c 2 

1 8 
2 " T T - A ( j 0 , J l ) , 2 4 6J0 

2 c2 1 , 

d\ + sx 10 
1 a 

1 77T1T- x ( Jo.*i) • ( ^ , + j , ) 2 10 ÖJ, 

To get an analytical expression for /l (50 ,J i) , which 
reproduces the numer ica l values with a satisfactory 
accuracy, the in terpola t ion formula of Lagrange is 
used. On a small intervall [Jo,o>5o,m]x l A o * , 

( J o ^ i ) is accordingly given by the Lagrange poly-
nomial m „ 

Z L('>(,0) L?> (*,)/•* 
1 = 0 k = 0 

with the abbrev ia t ion 

LP (so)-
(SQ ~ -fyo) ' ' (Sp — SQJ-i) (SQ — SQJ+I) • ... • (Sp - Sp m) 

(s0.i ~ %o) ' • • • ' (s0.i ~ s0,i-\) (s0 ~ s0,i+1) ' • • • " (jQ,i ~ s0,m) 
[L^2) (J ,) is of the same form]. 

ftk are the values X ( J O ^ I ) for the d isplacement 

(%/ ^l,fc)e[Jo,0^0,m] X [Jl.O.Jl,!.] fik = A (s0,i,S\,k) • 

In the derivatives o f / ( J 0 , J , ) needed to calculate the forces F0 and F , , the derivatives L ^ ' f a o ) and (s^) 
appear . 

The expression for L\]y (s0) is 

^(1)' ^ _ £ (^0 ~ ^Q.o) ••• (^0 ~ ^O.i-l) (^0 ~ %i-n) • • • C?0 ~ s0,p) ••• (^0 ~ s0,m) 

p = 0 (s0,i ~ %o) • • • (^0,/ — Jo,i-l) (•%,/ - 50,i + l) • • • (50,I — Ô,™) 



448 B. Bratschek et al. •• Lattice Statics of a Hydrogen Centre in Magnesium 448 

[ " / \ " " excludes the appropr ia te factor f rom the 
product]. 

We sum to m = n = 4, i.e. /. ( s o , ^ ) is approximated 
with a polynominal of four th order in 50 and . 

Now the equat ions (4.6) are solved numerical ly. 
T h e result is a repulsion of the nearest neighbors 
and an at traction of the next-nearest neighbors 
towards the interstitial hydrogen. 

F0 = 5.4743 • 10" 1 0 N , = 0.09575 a0, 

Fx = - 0 . 3 0 5 5 • 10~10 N , 5, - - 0 . 0 2 1 3 8 a 0 . 

[Negativity denotes attractive forces respectively 
displacements towards the proton.] 

Inserting this result in (4.5) for k = 0 and k= 5, 
we find that the displacements 5° and s5 are not 
radial as supposed. In a first approach we take this 
into considerat ion by solving (4.5) with the new 
proton-ion distances (not d0 + but 

][d$+~2 d0 s0 cos [ * (n0,s°)] + s20 

for the nearest and analogously for the next-nearest 
neighbors) . The angle < (/i0, s°) is compu ted with 
the results above. This procedure is repea ted till the 
results do not change. In the electronic computa t ion 
we neglect the deviat ion f rom the radial displace-
ments. 

After three steps of i teration we obta in the fol-
lowing result: 

F0 = 5.4926 • 10~!0 N , F, = - 0 . 3 3 1 • 1 0 ~ 1 0 N , 

s0 = 0.09646 cio , .s'i = - 0 . 0 2 2 2 3 a0 , 

cos [ ^ (no,J°)] = 0.9975, c o s [ * (ns,s5)] = -0.7643 . 

§ 5. Volume Change A V 

The displacement field s, produced af ter introduc-
ing a point defect in a metall ic crystal, alters the 
volume of the crystal by an amount A V. F r o m [7] we 
have an expression for A V: 

AV=\drtv{e} = tv{SP} = SiitmnPn (5.1) 

S is the tensor of the elastic coefficients. It is the 
inverse of the elastic modul i C. Pik are the com-
ponents of the double force tensor P. 

Because per turbat ion forces act, according to our 
assumpt ion, only on the ions k = 0, . . . , 13, P takes 
the form [7] 

13 

psk= Z xirt-
j = 0 

X{ and Fi are the cartesian components of the ion 
sites R' and the per turba t ion forces FJ

pen. 
With the assumpt ions made above, P has the 

representat ion 

P s k = F0 Z n{ + F , Z *Js = : + P{
5

n
k
n) • 

7=0 j=4 

F h e portions F5
("> of the nearest and F5

(Jn) of the 
next-nearest ne ighbors in the double force tensor are 
separately specif ied: 

]/6 

3 

= 0 , when 5 4= k , 

p (n) = p{n) = pin) = Q J _ pQ ( f l = latticg constant)5 

p ( n n ) _ p ( n n ) _ r' i ~ r22 ~ i i 
1/22 F, , 

12 44 v 1 1 

p ( f ) ^ 0 , when s =t= k . 

For the diagonal doub le force tensor P (5.1) turns 
into 

AV=SnPu + S]2 P22 + S]3 P33 + S22 P22 + ^23 P33 

+ ^21 Fi i + 5 3 1 P] i + S32 P22 4- ^33 F 3 3 , (5.2) 

where Voigt's nota t ion is used for S. 
The elastic coefficients can be expressed by the 

elastic modul i Cik 

Su= — 
C, 

— + ^ C] 2 Cc 

S a ~ y 

c _ ~ 

Ci 1 — Ci 

•S53 — 

_ _ C 3 3 

2 Cc 

Cn + C, 
Cr 

and 

Q = (C, 1 + C 1 2 ) C 3 3 - 2 C 1 2 3 

With the exper imenta l values in Table 1 for Cik 

we obtain the following elastic coefficients [in 
10"10 m 2 / N ] 

5 U = 0.22013, 5 i 2 = - 0.07749, 

5,3 = - 0.0496388, 5 3 3 = 0.1971435. 

In a hexagonal lattice hold the relations 

Sn = S2 2
 a n d 523 = S I 3 . 
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According to (5.2), A F i s now written in the form 

AV=2P\X\'(S\ \ + 5 1 2 + 2 5 1 3 + -j S33) 

+ 2 P\»") (5 , , + 5 I 2 + 51 3) + P\3
nn) (2 5,3 + 5 3 3 ) 

or, expressed in numerical values 

A V* (0,744 F0 + 3.5028 F , ) A 3 , 

F0 and F, in 1 0 - , 0 N . 

449 

For the two examinated cases we obta in the volume 
change A V as 

i) only nearest neighbors considered: 
A V= 3.43 Ä3 , 

ii) nearest and n -
A V= 2.93 A3. 

n neighbors considered: 

The exper imental value for the volume change A V 
for all metal hydr ides is close to 2.9 A3 (Peisl in 
[12]). 

Acknowledgement 

It is a pleasure to thank Prof. Dr. F. Wahl for 
init iating this work and for many st imulat ing dis-
cussions. 

[1] F. Wahl, R. Duscher, K. Göbel, and J. K. Maichle, 
Z. Naturforsch. 39 a, 524 (1984). 

[2] R. Duscher and J. K. Maichle, Z. Naturforsch. 40 a, 
433 (1985). 

[3] W. A. Harrison, Pseudopotentials in the Theory of 
Metals, W. A. Benjamin, New York 1966. 

[4] V. Heine and D. Weaire, Theory of Cohesion and 
Structure in Solid State Physics, Vol. 24, Academic 
Press, New York 1970. 

[5] D. J. Geldart and S. H. Vosko, Canad. J. Phys. 44, 
2137 (1966). 

[6] G. L. Krasko and Z. A. Gurskii, JETP Lett. 9, 363 
(1969). 

[7] G. Leibfried and N. Breuer, Point Defects in Metals I, 
Springer Tracts in Modern Physics 81 (1978). 

[8] E. Kröner, Z. Physik 136,402 (1953). 
[9] H. H. Landolt and R. Börnstein, Zahlenwerte und 

Funktionen aus Naturwissenschaft und Technik, Neue 
Serie Bd. III/l, Heidelberg 1966. 

[10] C. J. Bradley and A. P. Cracknell, The Mathematical 
Theory of Symmetry in Solids, Oxford 1972. 

[11] M. Lax, Symmetry Principles in Solid State and 
Molecular Physics, John Wiley & Sons, New York 
1974. 

[12] G. Alefeld and J. Völkl, Hydrogen in Metals I, 
Springer-Verlag, Berlin 1978. 


