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In this work we consider the static perturbation of the hexagonal lattice of magnesium by one

stored hydrogen atom.

Equations are given to evaluate the equilibrium positions of the ions in the disturbed crystal.
The effect of the hydrogen atom is described by a so-called Kanzaki force, an additional force in
the ideal lattice. The force between two ions of the ideal lattice is assumed to obey the harmonic
approximation. The force constants are calculated form an effective ion-ion potential. The static
Green tensor, which is the inverse of the tensor of force constants, is calculated and with its aid
the equations of lattice statics are transformed. The transformed equations are solved under the
assumption of a Kanzaki force acting only upon the nearest and next-nearest neighbors of the
hydrogen atom at a tetrahedral interstitial site. Finally we calculate the volume change 4V and

compare the result with the experimental value.
§ 1. The Equations of Lattice Statics

In [1] the many-body Schrodinger equation of a
host crystal with stored hydrogen atoms and of a
reference system (crystal without hydrogen) are
decomposed adiabatically into the Schrédinger
equations of the electronic, protonic and ionic sub-
systems. The ions and protons in the host crystal are
assumed to be localized at equilibrium positions
which can be obtained, according to [1], as solutions
of the equations

VxAdE=0, VydE=0, (1.1)
where 4 E is the so-called storage energy
AE =0}, (Y, X) + 4(X) .

In[1] Q74, and 4 are defined as

2
1 (N X) =1y — St 3 U (Y7 Xm)
! nn ‘\ Yyr—y | nm,i
+el (Y, X) — &) (X) + Hyp (Y, X)
+K,5, (Y, X) — Ky (X) (1.2)
and

AX)= 2 (Wip (X™ = &™) = Wiy (XR = XFT))

+ K, (X) — K, (Xg) + &) (X) — ) (XR), (1.3)
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Y=(Y") denotes the cartesian coordinates of the
protons, X =(X7") the cartesian coordinates of the
ions, n= (n,,ny,n3) and m= (m;,m,,m3) are cor-
responding index triples according to a primitive
basis a, b and ¢. Xz denotes the equilibrium posi-
tion of the ions in the ground state of the reference
system. U, is the proton-ion potential for ions of the
i-th kind. W;; is the ion-ion potential for ions of the
i-th respectively i-th kind. &}*" and &} are the
energy eigenvalues of the electronic subsystem of
the host lattice with hydrogen and the reference
system, respectively. N denotes the number of the
valence electrons and n the additional electrons of
the hydrogen atoms. H, is the vibrational energy of
the protons and K,4, and K, are vibrational ener-
gies of the ions in the host lattice and the reference
system, respectively. o, f, y are quantum numbers of
the electronic, protonic and ionic subsystems in the
host lattice, g denotes the corresponding groundstate
quantum numbers of the reference system.

" Vibrational energies of ions and protons are
neglected in the present work. The computation of
the electronic energy difference

e (Y, X) = e} (X)
which we use here is the topic of a special paper [2].
Equations (1.2) and (1.3) can be interpreted as fol-
lows. 4 is the change in total energy of the crystal
caused by the distortion of the lattice by the
hydrogen centres and Q. is the interaction of the
hydrogen centres with the distorted lattice.
The equilibrium conditions (1.1) take the form
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and
Vx(Q%,(Y.X)+4(X))=0. (1.5)

Equation (1.4) permits, in principle, the determina-
tion of the protonic coordinates as a function of the
ionic coordinates

Y=Y(X).

This and the physical content of Q) and 4 allow
the interpretation of (1.5) as a balance of two forces:

Faw (X) = = Fer (X). (1.6)
The lattice force is defined as

Fian (X) = =Vx 4(X) (1.7)
and the perturbation force as

Foen (X) = =Vx 07, (Y (X), X). (1.8)

The computation of the equilibrium positions of the
ions using (1.6)—(1.8) will be carried out in this
paper for one hydrogen centre in an ideal hep struc-
ture. Index triples (m, n, k) refer to a primitive basis
a, b and c chosen so that the vectors @ and b, lying in
the plane of an 4-layer, enclose an angle of 120°.

The computations described here are applicable
to magnesium, for which the value c¢/a=1.623
comes close to ¢/a=}/8/3 = 1.633 of the ideal hcp
structure. The reason for not taking the real hexago-
nal structure of magnesium as a basis for the com-
putations is that the electronic part of the computa-
tion, not treated explicitly here, is simplified con-
siderably by this assumption.

§ 2. Harmonic Approximation and Green Tensor

The aim of the computations in lattice statics is
the determination of the new equilibrium positions

X=R+s

of the ions exposed to the perturbing force. R
denotes the equilibrium positions in the unper-
turbed crystal and s the deviation from it. Since s is
small in general, the harmonic approximation can
be applied to the lattice force (1.7) and results in

Faw=—s resp. F'=— Al sp'* 2.1

* Summation convention is used throughout this paper.

with the tensor of force constants

024
/= (A )”(axraxz' (R))-
The calculation of 4 will be sketched briefly. For
more details we refer to [3].

The vibrational energy terms have already been
neglected. The ion-ion interaction W is assumed to
be a Coulomb interaction between ions with posi-
tive charge Ze,

(2.2)

where Z denotes the valence of the ions. The energy
eigenvalue ¢ of the electronic subsystem in the
reference system is assumed to be a sum of one-
particle energies, computed with a one-particle
model for the metal electrons in second order
perturbation theory. ¢} then contains terms which
depend on the ion coordinates and can be inter-
preted as indirect ion-ion interaction, and terms
which are independent of the ion coordinates. Only
the former ones contribute to 4 according to the
difference

e (X)— el (R).
In this way (1.3) reads

A(X) =32 [V(X™) = V(R™)], (2.3)
xmn — Xm_ xn . Rm":lRm—R"‘,
with an effective ion-ion interaction V.
According to [3] V takes the form
Z:e* 20 :
V=2t 0 [ dg Fg) et (24)
r (2n)
with the energy-wavenumber characteristic
Q 2 ) )
F(g)=——=2L (kg w0 2L (23
87 e £

Qy: volume per ion.

e(q)=1+f(q) x(q) denotes the dielectric function
of the electron gas with

1 A1 (1-4 1+
_ L (meV (=g )
2rnkp\ fi* | n*\ 27 1—1n

377
q sz( m
Qo

7(q)

)

1/3
) (Fermi wavenumber),



B. Bratschek er al. - Lattice Statics of a Hydrogen Centre in Magnesium

which includes by

S, T .. S
/@ 2+ 20/

14, 5],
B 0.229 ] 3 20\

T 048+ 00125 T (4 nZ) :
effects of exchange and correlation. In the limit
f (@) = 1 & becomes the well-known Hartree dielec-
tric function. )

Equations (2.4) and (2.5) determine V provided
the unscreened electron-ion interaction w® is known.
Following Krasko and Gurskii [6] a model pseudo-
potential valid for simple metals is (2.6)

—r/R)—1 A,
M+Texp(_,./,gc)

r c

wl(r)=Zeé? (
with its Fourier transform
1 )
Ck+ g w0 ky=—[wl(r)e~i47d3r
Qy

_4nZe? 24,—1)(qR) -1
Q04* [(gRo)*+ 177

According to [6] the free parameters in (2.4)—(2.6)
in case of magnesium take the values

Qo=15599 a3, A,=2.588, R,=0.427ay.

With this V the force constants (2.2) are computed,
which in the special case of (2.3) results in

(R" — RT) (RY — R})

Amn — _
ik (Rmn)Z
2 mn V’ mn
~(V"(R’"")— FE ) b .
(2.7)
Anm=— > A%,

n+m

The second expression in (2.7) ensues from transla-
tional invariance of the whole crystal [7]. Figures
la—1c show the potential ¥ and its first and second
derivative.

According to the harmonic approximation, (1.6)
becomes

oS =Foen (5). (2.8)

This is a set of nonlinear equations of high dimen-
sion determining s. Using the static Green tensor ¥,
defined by

IS =49 =1 (2.9)
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Fig. 1a. The effective ion-ion potential in magnesium.
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Fig. 1 b. The first derivative of the effective ion-ion poten-
tial.
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Fig. I¢c. The second derivative of the effective ion-ion
potential.
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and the boundary condition #— 0 if r — o0, (2.8)
becomes

§=FFper (5) . (2.10)

Because of screening effects the perturbation force
depends only on the direct neighborhood and is
non-vanishing only in the direct neighborhood of
the perturbation centre. Equation (2.10) in contrast
to (2.8) allows for solving only those equations
which couple the unknown deviations of the ions of
this neighborhood. Knowing the perturbation force
the deviation of the other ions is given by means of
the other equations of (2.10).

§ 3. Numerical Calculation of the Green Tensor

The computation of the Green tensor described in
this chapter is based on the definition (2.9) in the
form

Amn Gl = 5mi (3.1)

A™ and G™ are 3 x 3 matrices, which describe the
force-deviation relations between two ions at the
lattice points m and n, respectively n and L 6™ is the
3 x 3 unit matrix for m =1 and 3 x 3 null matrix for
m * I. According to the summation convention one
has an infinite sum of matrix products on the left
side of (3.1). (3.1) can be interpreted as a set of
linear equations to evaluate the components of the
Green tensor.

According to the invariance of  and # under
primitive translations of the lattice [7] one can
choose I = 0 and write (3.1) in the form

A0 n—m Gn0_ sm0 (3.2

Because the effective ion-ion interaction and its
derivatives are decreasing rapidly, a finite range
Ry is assumed for V, and V is set to zero for
'R" —R™| > Ryr. Thus the summation over n in
(3.2) is cut off. In our computations Ry is assumed
to be five lattice constants, that is, R.;= 16.05 A
according to the lattice constant of a=321A in
magnesium. The assumed range includes 763 lattice
points. To reduce the number of unknowns further,
a partition relative to /=0 into a near and a remote
area is made.

In the remote area the crystal is considered to be
a continuum and therefore G"° is approximated by
the elastic Green’s function:

Gl =Gy (R™).
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The elastic Green’s function G (r) is the solution of
the elastic differential equation

Cik/m ak a1 Gmn (r) = 5in 6(’) (33)

with the boundary condition G;,(r) — 0 if r — oo,
and can be given analytically in the hexagonal case
[8]. The elastic Green’s function in continuum sta-
tics is analogous to the Green tensor in lattice
statics. Moreover, the boundary condition for # is
automatically fulfilled by the above assumption.

In the remote area the matter is described by the
elastic constants C;;,,,, in the near area by the force
constants Af}" respectively the effective ion-ion po-
tential. The connection is given by the relations .

Cikmn = Himkn + Hinmk - Hikmnv

(3.4)
1
- 2 AT (RE = RT) (RT = R)

Hijkl=— 5

with the Huang tensor H;jx, [7]. V. is the volume of
a primitive cell and takes the value

V.= 1[2 a
in an ideal hcp crystal. The following table shows
the experimental elastic constants [9] used in the
elastic Green’s function and the elastic constants
computed according to (3.4) with the force con-
stants according to § 2. The first relation of (3.4)
reads in a hexagonal lattice with the elastic con-
stants in Voigt’s notation

e =Hy o,

ey =2Hy3 15 = Hy 3,

ci3=2Hy3,13— Hy, 0,

33 =Hjy; 33,

Cas=Hy 33.

Table 1. Elastic constants in 10° N/m2.

‘i €12 €13 €33 Caq
experimental 59.3 25.7 21.4 61.5 16.4
computed 56.25 27.41 23.08 50.69 10.27

The agreement between the description of matter by
the elastic constants respectively the force constants
is improved by a scaling of the potential according
to -

Vi(ry=sV(r).
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Because of the linear dependence of the elastic
constants on the potential according to (3.4) and
(2.7), one gets the relation

(CE™P), = 5 (™) .

We determine the scaling factor s by the condition
that the quadratic deviation of the calculated from
the experimental elastic constants

[(c8™P), — efPF + [(e55™0), — PP +
+ [(e53™P), — P
has to be minimal. In this way we get

s=1.098.

In all following computations we will use the scaled
potential.

The near area is in our assumption a sphere with
radius Ry, = 5.242 A around the point /=0, which
includes neighbors until 3rd order. This sphere con-
tains 21 lattice points. One has still to determine 21
3x3 matrices G"® with a total of 186 unknowns
(G is symmetric!). By means of grouptheoretical
considerations [10, 11] this number can be reduced

to the 16 unknowns Gy, G,, ..., Gjs. The essential
relation is
G""=SGm™S'. (3.5)

m and n are mapped onto m’ and n’ by a symmetry
transformation of the hexagonal space group. Using
a cartesian coordinate system the transformation is
given by

R™"=(S|t)R"=SR™+1.

S is an orthogonal 3 x 3 matrix and ¢ is a translation
vector. Considering the symmetry operations which
leave a pair (m, n) invariant or invert it, i.e.

(m',n')=(m,n) or (m',n")=(n,m),

(3.5) represents conditions for the matrix elements
of G™" (notice: G™ = (G™")" [7]). The procedure is
applied here to one pair (n, 0) of every shell in the
near area. The matrices G"° of the other points on
the considered shell ensue from G"°® by a “rotation”
according to (3.5). Thus we get the following list of
the matrices G"® of all points in the near area with
the minimal number of unknowns using a cartesian
coordinate system.

For reasons of generality the first shell of the
ideal hcp lattice containing 12 lattice points is
considered to be a special case of a general hexago-
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nal lattice for which the first and second shell co-
incide, containing 6 lattice points each. The G
listed are calculated relative to the latter.

(m, n,l) denotes a point of an A-layer (m, n, [)* a
point of a B-layer. In cartesian coordinates the rela-
tionship is

R™ = R™ + (a/2,V3al6, c/2)
with
R™nD = (a(m—n/2),a)3n/2,cl).

0. Shell
G, 0 0
G®=[0 6 o
0 0 G,

1. Shell

Gy —Gg 0
G“'Ov")-"— +G6 G4 0

3
- (G:+3Gy §(63—64)+Gs 0

1
G100 = V 7 (03=G)=Gs  BG+Gy) 0
0 0 Gs

3
—(G;+3G4) %(G4-Ga)+06 0

~ 1
G0.-1,0,0 — (G4 G;)— G 7(303‘*‘64) 0
0 0 Gs

V3
—(G3+3G4) — (G4 Gy)—=Gs 0

1
G.1.0.0 _ (G4 G)+Gs  (G:3+Gy) 0
0 Gs

1
—(G3+3G
4(3 4)

L 3
G-1L-1.0.0 %(G3—G4)+G6

3
g(Gz— G)—Gs 0
1
SGG+G) 0
0 Gy

G, +G6 0
G (10,00 — —G6 4 0
5
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2. Shell G0
G, 0 I 13 13
G-1-1.070 _ (8 Gy Glo) 4(Gn+3Glz) T(Gn—Gn) TGM
G G
10 Gy 13 1 )
o o . 2 (G11=G) 7(3GII+GIZ) —7614
G(~1,~1.‘l)‘.0= 07 G8 _GIO 1
0 =Gy G, GM —5 0 Gi3
1 3 3 (0.-1.-1)*.0
T(G7+3GS) g(Gs_Gﬂ ——VZ;Gl 4 )
I 13 13
3 g 3 — (G +3Gp) —(G1—=Gp) ——Gyy
Ggoooro_ | V> - _ 2 = 4 2
4 (Gg—Gy) 7 (3G7+Gy) 3 GIO
V3 1 1
Vi 1 T(Gll Gp) 7(3GH+G|2) 7G14
—= G —5 G Gy
1
Gm 7014 G
1 8 3
?(G7+3G8) lZ—(Gz—Gﬂ 'Vz;Gxo 1671
G - *
oo-tro_ | V3 o _ 1 ey ! 3 3
G 2 (Gy—=Gy) 2 (3G7+Gy) 7610 3 — (G +3Gy,) %(Glz—G“) -%GM
i ! /3 !
— G 7610 Gy T(GIZ Gn) BGu+Gi) -5 Gu
1
1 3 3 — G G
- (Gr+3Gy g(Ger) gcm ?
. 3 I 1 (=2,-1,-1)*,0
GCL00%0 = %(G7_Gs) —4_(3G7+G8) _7610 & V3 V3
1 3 3
G, +3G —(Gr— —_
/s : 4( 1" 12) 2 (G12=Gyy) > G
— G ~5 G Gy 73 1 i
T(Gp Giy) T(3GII+GIZ) ?Gu
I 13 V3 1
7;(67“*'368) T(G7—Gs) —7010 GM ?GM G3
an-reo_) 1B 1 1
GC1Lo-Dn0 = T(G7—Gs) 7(3G7+Gs) —2_610 4. Shell
Gs 0 0
—E—Glo LG10 Gy GOon0= (0 Gis 0
2 2 0 0 Gy
3. Shell GO0 (g Gis 0 )
0 G
G 0 0
G‘O.I.O)‘.‘): 0” G G
8 G:j G:: Equation (3.2) can now be used to get equations for
’ the remaining unknowns choosing some m’s. For
R Gy, 0 0 every m one gets nine equations for the sixteen un-
= 8 g,z _(G;M knowns G, ..., G, because (3.2) is a matrix equa-
—Gy4 13 tion.
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The procedure to reduce the the number of un-
knowns implies that the matrices G"® of the four
shells are determined by certain unknowns, the
0. shell by G, and G,, the 1.shell by G;— Gg, the
2. shell by G;— Gy, the 3. shell by G;,— G4 and the
4. shell by G;s— G¢. Because the force constants are
rapidly decreasing, one can expect in (3.2) the term
n = m to be the main contribution in summing over
n. Choosing m lying on a shell of the near area, one
thus gets nine equations in which the coefficients of
the unknowns of that shell compared with the
others are large. This is a supposition to compute
these unknowns with sufficient accuracy numeri-
cally. For this reason we chose for m one point per
shell, and that according to the sequence of the
shells:

(0,0,0), (1,0,0), (0,0,0)* (0,—1,0)* (0,0,1).

We obtain 45 equations which contain exactly 7
linearly independent equations for the 7 unknowns
G,, Gs, Gy, Gyg, G13, Gi4 and Gg. This set of linear
equations is almost decomposed from the remaining
equations. Only the unknowns G, and G4 appear in
the other equations. These seven equations are
unboldfaced in the following list. The other nine
equations determining the 16 unknowns cannot be
chosen so definitely. There are several possibilities.

The following list shows our choice of 16 linearly
independent equations with regard to fulfill best the
unconsidered equations. Each equation is identified
by the pair of coordinate indices in (3.2).

m (i, k)

(0,0,0) (1, 1), 3,3

(1,0,0) (L, 1, (1,2), (2,1), (2,2), 3,3
(0,0,0)* (1,1, (1,3), (2,2), (3,3)
0,—-1,0* (1,2), (1,3), 3,3)

(0,0,1) (1, 1), 3,3).

The numerical solution of this set of linear equa-
tions yields the following results (in m/N):

G;=0272-100" Gy = 0.113-107"
G,=0271-10""  Gj;o=-0.227-1072
G;=0.132-10"'  G;;= 0.478-1072
G4=0775-10"2  Gp= 0452-1072
Gs=0760-10"2  G;3= 0.643-1072
Gs=0.189-102  Gj,= 0.263-1073
G;=0.620-10"2  G;s= 0.562-1072
Gs=0998-102  Gi= 0808-1072.

§ 4. Lattice Distortions

Treating the lattice in harmonic approximation,
(2.10) connects the displacement field s of the ions
and the perturbation force Fp in a simple way

s=79F,n(s). (4.1)

We have already mentioned that (4.1) has to be
solved only for the vicinity of the perturbation
centre.

First, we only consider the four nearest neighbors
of the hydrogen interstitial. Additionally we sup-
pose that the directions of the perturbation forces
are given by the unit vectors n; (i =0, 1, 2, 3), which
denote the four nearest neighbors in a coordinate
system with the origin at the interstitial site.

For simplicity, in this paragraph the lattice points
will not be denoted by lattice indices (m, n, k) but
by continuous numbering. Figure 2 shows the sites
and the numbering of the nearest and next-nearest
neighbors of the interstitial proton P in the hcp-
structure. We assume the amount of the perturba-
tion forces acting on the nearest neighbors to be the
same. Then (4.1) turns into

sk=F(s)%*'n;=F(s) G* (k=0,1,2,3) (4.2)

with the abbreviation G* = 4 */n;.
For the G* we get the following representation:

G'=49%n;+ 5% n, +92n,+ 9% n,

G'=9"%ny+ 5" n + 920, + 95 m,
=@ ny+4%n, + 5 n, + 5% n,

G2=9Pny+ 5% n, + 4% my+ 5% ny
=@ 'ny+ @) n +5%n, + 5% n,

G}*=9ny+ 5" n, + 520, + 5% n,

= @) ny+ (@%®) n + (%) ny+ 5%n;.

By means of the properties G™ = G%"™ and
= Gpt = (GN™)" the unknown Green-matrices in
the expressions for the G* are led back to the
matrices <% from § 3.
Inserting the computed components of the Green
matrices in the relations for G¥, we get the numeri-
cal values (in units of 1073 m/N)

G0 = (—17.505, —4.333, —2.833),

G'=(7.505, —4.333, —2.833),
G2 = (0, 8.666, —2.833),
G3 = (0, 0, 9.379),
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/I
e

Fig. 2. Nearest (0—3) and nextnearest (4—13) neighbours
of the proton at a tetrahedral site in the hep-structure.

and | G¥ =9.117 for k=0,1,2,

G?=9.379.

The vectors G* and the unit vectors n* are collinear,
apart from small deviations [¥ (G*, n¥) x~ 1°]. This
is in agreement with the assumption of radial dis-
placements.

In this case the perturbation forces can easily be
computed by (1.8):

F d [ 2¢ 2 1 1 (5)
=—|= — (s
ol ds\do+s 4
where Fy=|Fk.| and where d; is the distance be-
tween proton and a nearest neighbor in the un-
distorted, host lattice. Besides we will neglect the
vibrational energies K,z,(Y,X) in (4.3), and it is
made use of the relation [1]
(X X) - (X)=w (X X)
=2 (XX) + T [Vy (x, V) So (x,x)].

nf = Fyn*, 4.3)

In (1.8) we introduce the pure Coulomb interaction
for the proton-ion-interaction.

The electronic energy difference 4 (Y, X) is multi-
plied by a factor 1/4, because in the calculation of
/(Y. X) all four nearest neighbors are displaced by
the same amount and we suppose that each of these
neighbors delivers the same contribution to /.

All simplifications made here reduce the set of
(4.2) to a single nonlinear equation for the displace-
ment so= ¥ of the nearest neighbors: (4.4)
262 1

— (So) 7

so=|G°| Fy(so) = |G| | —=——
0 0(50) ((10+50)2 4 dSQ
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intervall
radius

Maichle [2] calculated 4/ (sy) in the
—0.25ay=50=0.25a9 (ap is the Bohr
ap=0.529177 A).

The numerical values of Z(sy) will be approxi-
mated by polynomials of fourth order in parts of the
whole displacement intervall. A solution of (4.4) is
found in the intervall

0.07 ag =50 = 0.09 ayp .

We choose numerical values of /(sy) for the dis-
placements s, ,=(0.07+n-0.005)ay (n=0,1,2,3,4).
Then we get for /4 (sy) the polynomial

7 () = 396.13515 54 — 97.98091 53
+10.758542 53 + 0.41889347 5 — 0.1571295

[4 (so) in Ryd, sq in atomic units].

Because of the difference in |G*| and |G*| we
solve the analogous equation for the displacements
s of the ion k = 3. The obtained displacements and
perturbation forces are:

So = 0.0794 Ay
for k=0,1,2
Fy=4.61-10"1'N
=0.0796
%0 - for e,

Fy=4.49-1071'N
This result confirms the assumption that the forces
and displacements of all four neighbors are the
same.

In a next step we also consider the next-nearest
neighbors of the interstitial hydrogen. Actually the
tetrahedral interstitial in a hcp-lattice has only one
next-nearest neighbor at a distance d=3.276 A.
Then nine neighbors follow at a distance d,=
3.764 A. For simplicity, all these ten host ions are
regarded as next-nearest neighbors. In this case the
system (4.1) consists of 14 -3 nonlinear equations.
We reduce this system with the following three as-
sumptions to two equations for the displacements
5o and s, of the nearest and next-nearest neighbors.

a) The perturbation forces which act on the nearest
and next-nearest neighbors amount to F, and Fj,
respectively. )

b) The directions of the perturbation forces are
given by the unit vectors n'.

¢) The displacements of the neighboring ions are
radial

ki | gk

s—snk kk.

=sn
k k

s¥| = s, for all nearest and s* =g, for all next-

nearest neighbors.
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With these assumptions we transform (4.1) as fol-
lows:

13
sk=3 skiFi 2y gk |Fi 02
i=0 i=0
13
—F()Z 9’“” +F z 9’“
i=0 i=4
= Fy G+ F, Gt (k=0,1,...,13). (4.5)

The indices n and nn point to the contributions of
the nearest and next-nearest neighbors.

Because all nearest, respectively all next-nearest
neighbors are treated equally, the system (4.5) is
reduced to the two equations for s, and s,

80 = (Fg: G.S 2+2F0F1 1 G-'SI QG’-r?nf COS Yo
+ F1 |G )2,

=(F} |Gy +2Fy Fy | Gy | | Gy | cos ys
+ PR G

(4.6)

From (4.5) we choose the equations for k =0 and
k=5. 7 and ys are the angles between G? and G?,
and between G and G3,, respectively. For the
values G, G°_, G,S,, G3,, cos 7, and 75 we get

oo

_ 0.0022836 }
G =100013182), G2 =0.015397,
0.01517

—0.00724 .
—0.00418 |, | G% =0,0088165,
—0,0028

cos yp = —0.47503,
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Ak
Gnn

Il

0
(—0.012745), G3, =0,01739,
0.011832

cos ys=—0.91065 ,

[all values in m/N].

In the calculation of G3 and G2, Green-matrices
are needed which are not in the discrete part of the
Greentensor 4. For these matrices we use the funda-
mental integral from Kroner [8].

The perturbation forces F, and F; we obtain as in
the case where only the nearest neighbors are
considered. For computing F; the new distance d,
and the contributions of ten additional neighbors to
the energy difference 4 (sp,s;) have to be taken into
account.

4(So,51) is calculated for radial displacements s
and s;. Then the forces F and F, are obtained from

(1.8):

Bt BE g L0 sl)]
0sg | dy+sy 4 ’
2¢? 1 0
TR
0 22
F1=—a—sl 4+, WUSO,SI)]
2¢? 1 0
=@ty 10 25, oS0

To get an analytical expression for 4 (sp,s;), which
reproduces the numerical values with a satisfactory
accuracy, the interpolation formula of Lagrange is
used. On a small intervall [sgq,S0m] % [$1,0551,x])s
4 (89, $1) is accordingly given by the Lagrange poly-

0 4
G = o00010845| , |G3 =00011434,  nomial m o o
~0.000362 A(so,s1) =2, 2 LV (s0) LY (s1) fix
i=0 k=0
with the abbreviation
LO (s) = (S0 = 50,0) * --- * (S0 = So,i=1) (S0 = So,i+1) " --- " (So = So,m)
(S0,i = S0,0) * -~ -~ (S0,i — So,i=1) (S0 — So,i+1) * -+ * (So,i — S0,m)

[L{? (sy) is of the same form)].
fix are the values 4 (sg, s;) for the displacement

(S0,i> S1,k) € [50,05 S0,m] X [51,05 51.4]

Sike= A (S0,i»51,k) -

In the derivatives of 4 (so,s;) needed to calculate the forces F and F,, the derivatives L{" (so) and LP (s;)

appear.
The expression for L{"" (s,) is
LY (59) = Z (S0 = S0,0) - (S0 = So,i=1) (S0 = So,i+1) --- (55— S0,p) --- (S0 — So,m)
p=0  (So,i = S0,0) --- (S0,i = So0,i~1) (S0,i — So,i+1) -+ (S0,i — S0,m)
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[*/\" excludes the appropriate factor from the
product].

We sum to m=n=4, 1.e. 4(sy,5;) is approximated
with a polynominal of fourth order in 5o and s;.

Now the equations (4.6) are solved numerically.
The result is a repulsion of the nearest neighbors
and an attraction of the next-nearest neighbors
towards the interstitial hydrogen.

Fo= 5.4743-107°N, 0.09575 aq .
Fy=-03055-10"1°N, s5,=—0.02138 a.

S0 =

[Negativity denotes attractive forces respectively
displacements towards the proton.]

Inserting this result in (4.5) for k=0 and k=35,
we find that the displacements s and s° are not
radial as supposed. In a first approach we take this
into consideration by solving (4.5) with the new
proton-ion distances (not dy + s, but

Va3 + 2 dy sy cos [£ (ng, s°)] + s3
for the nearest and analogously for the next-nearest
neighbors). The angle « (ng,s% is computed with
the results above. This procedure is repeated till the
results do not change. In the electronic computation
we neglect the deviation from the radial displace-
ments.

After three steps of iteration we obtain the fol-
lowing result:

=5.4926-1071"N, F=-0331-1071"N,
so = 0.09646 qq , s; =—0.02223 q ,
cos[& (ny.s°)]=0.9975, cos[« (n,,s°)]=—0.7643 .

§ 5. Volume Change 4V

The displacement field s, produced after introduc-
ing a point defect in a metallic crystal, alters the
volume of the crystal by an amount 4 V. From [7] we
have an expression for 4 V:

AV=[drir{e} =tt {SP}=SiimnPmun- (5.1

S 1s the tensor of the elastic coefficients. It is the
inverse of the elastic moduli C. P;; are the com-
ponents of the double force tensor P.

Because perturbation forces act, according to our
assumption, only on the ions k=0, ..., 13, P takes
the form (7]

13
Py= >, X.F.

j=0
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X! and Fj are the cartesian components of the ion
sites R/ and the perturbation forces Fl,.
With the assumptions made above, P has the

representation
Py =Fy Z Xinf+F, Z Xinj=:P® + pam
j=0 =4
The portions P{} of the nearest and PG™ of the

next-nearest neighbors in the double force tensor are
separately specified:

6
Pl=pl=pll=gyg g Fy (a= lattice constant),
P® =0, when s=+k,
PiM =PV =—a)22F,

POM=0, when s# k.

For the diagonal double force tensor P (5.1) turns
into
AV=3S81 Pi1+ S12 Pp+ S13 P33+ Sy Pn+ Sy Py

+ 8 P+ Sy P+ SnPyu+SuPy,  (5.2)
where Voigt’s notation is used for S.

The elastic coefficients can be expressed by the
elastic moduli C;;

1 1 Cs;
Sp=—7|7—7" 3
2 |Ch—-Cn C
S _—Cus _GutChn
=" 13 c

and
C.=(Cy + Cpp) C33—2Ch.

With the experimental values in Table 1 for Cj
we obtain the following elastic coefficients [in
1071 m?/N]
S” = 022013.
S13=—0.0496388,

S;=— 0.07749,
Sy=  0.1971435.

In a hexagonal lattice hold the relations

Sn=35» and Sy=3S.
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According to (5.2), 4 V'is now written in the form
AV=2P& (Sy+ S, +283+1 833)
+ 2PV (S + Sia+ Siz) + PEV (2813 + S33)

or, expressed in numerical values

A4V = (0,744 Fy+ 3.5028 F,) A3,
Fyand F, in 101N,

For the two examinated cases we obtain the volume
change 4V as

1) only nearest neighbors considered:
AV =343 A3,
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